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Abstract 
This work presents closed form solutions for fully developed temperature distribution and entropy 
generation due to forced convection in microelectromechanical systems (MEMS) in the Slip-flow regime, 
for which the Knudsen number lies within the range 0.001<Kn<0.1. Two different cross-sections are 
analyzed, being microducts (composed of two parallel plates) and micropipes, with the effects of viscous 
dissipation being included. Invoking the temperature jump equation, two different thermal boundary 
conditions are investigated, being isothermal and isoflux walls. Expressions are presented for the local and 
bulk temperature profiles, the Nusselt number, the Bejan number, and the entropy generation rate in terms 
of the key parameters. Though the results are obtained for the microscale problems, they can be 
generalized to the macroscale counterparts by letting Kn=0.  
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Nomenclature 
A  cross-section area  
Br Brinkman number, Br=µU2/(q"Dh) 
Be Bejan number 
Dh hydraulic diameter  
F tangential momentum accommodation coefficient 
Ft thermal accommodation coefficient 
H half channel width  
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k thermal conductivity  
Kn Knudsen number  
n  (coordinate) normal to the wall 
Ns dimensionless entropy generation number 
Pe Péclet number Pe=ρcpULc/k          
Pr Prandtl number 
r* radial coordinate  
r dimensionless radial coordinate (=r*/ R) 
genS ′′′ɺ  volumetric entropy generation rate 
T absolute temperature  
Tr reference temperature  
u velocity  
U mean velocity 
x*,y* streamwise and transverse coordinate  
(x,y)  (x*,y*)/H 
Greek symbols 
γ specific heat ratio 
λ molecular mean free path 
µ dynamic viscosity  
θ dimensionless temperature 
Subscripts  
c centerline 
m mean 
s fluid properties at the wall 
w wall 
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1. Introduction 
Analysis of heat and fluid flow at microscale is of great importance not only for playing a key rule 
in the biological systems [1], but also for its application in cooling electronic equipment. Modeling heat 
and fluid flow through such small devices is different from the macroscale counterparts in being 
associated with the inclusion of velocity slip, temperature jump, and other newly developed issues [2]. For 
example, the no-slip condition is valid for Kn=0 and the continuum flow assumption works well for 
Kn<0.001 while for 0.001<Kn<0.1 the flow is called slip flow.  
It is known that Navier-Stokes equations should be combined with the slip flow condition so that 
the results can match the experimental measurements. This slip velocity can be found as 
2F u
us wallF n
λ− ∂=
∂
          (1) 
As the fluid temperature at the wall can be different form that of the wall, the temperature jump reads  
2 2
Pr 1
F TtT Ts w wallF nt
λ γ
γ
− ∂
− =
+ ∂
         (2) 
Applying slip-velocity and temperature jump, Tunc and Bayazitoglu [3] investigated the thermal entrance 
region of a micropipe for two different boundary conditions. Tso and Mahulikar [4] have investigated the 
role of the Brinkman number in analyzing heat and fluid flow through microchannels while, based on their 
experimental data, Koo and Kleinstreuer [5] developed one-dimensional analysis of forced convection in 
microducts. An interesting application of viscous dissipation in measuring fluid friction coefficient for 
flow in a microchannel has been addressed in [6]. Recently, in two separate papers, Aydin and Avci [7,8] 
reported closed form solutions to the fully developed forced convection in micropipes and microchannels 
and later applied their results to present the Second Law (of Thermodynamics) aspects of the problems 
[9]. However, a quick check of their results reveals that when Kn=0 their results fail a check versus the 
available data in the literature. Moreover, the results in [7,8] are not in agreement with those of [21-22] 
with non-zero values of Kn and Br. For example, examining the results of [21-22] one observes that, with 
a fixed value of Kn, the fully developed Nusselt number is independent of Br for isothermal walls and this 
is in line with previous investigations for Kn=0 [10-12]) while Nu in [7,8] changes with Br (see their Fig. 
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3). One knows that in the fully developed region the longitudinal temperature gradient vanishes and the 
generated energy, as a result of viscous heating, should be conducted to the walls, as explained in [13-16]. 
Moreover, the temperature difference in the denominator of Br, is a function of the longitudinal coordinate 
and the fully developed thermal energy equation, Eq. (22) of, [7,8] is no more an ordinary differential 
equation as the dimensionless temperature defined by those authors is a function of both transverse 
(radial) and streamwise coordinates; see Nield [17]. 
Furthermore, with isoflux walls, following the application of the First Law of Thermodynamics, 
the longitudinal bulk temperature gradient in the fully developed region should read (see [14,15,18,19]) 
( ) /( )/ *dT q P dA mcm pdx µφ′′= + ∫ ɺ         (3) 
while in [7,8] the authors have neglected the second term in the right-side of the above equation and for 
this reason their results for nonzero values of Br is erroneous.  
On the other hand, Jeong and Jeong [20,21] presented correct formulation of the thermally 
developing problem and reported accurate results for the Nusselt number. Nevertheless, their results 
require numerical integration as explicit expressions are not reported for the bulk-wall temperature 
difference (and the Nusselt number) in certain cases. Furthermore, absent in their works is an analysis of 
entropy generation as the investigations were restricted to the First Law (of Thermodynamics).  
This study presents closed form solutions for local and bulk temperature distribution as well as the 
Nusselt number in the fully developed region and extends the analysis to the Second Law where local and 
average values of the entropy generation and the Bejan number are reported.  
 
2. Analysis 
Fully developed forced convection of a fluid with constant property in a microchannel is assumed. 
Fig. 1 shows the coordinate systems for the problem under consideration. 
 
2.1 Hydrodynamic aspects 
With F=Ft=1, similar to [3], the velocity profile is, for a microduct and micropipe, respectively  
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23 (1 4 ) /(2 12 )u U Kn y Kn= + − +           (4) 
22 (1 4 ) /(1 8 )u U Kn r Kn= + − +           (5) 
where Kn= 0.5λ/Lc with Lc being equal to R/H for micropipe/microduct. With Kn=0 Eqns. (4-5) lead to 
known (no-slip) Poiseuille flow through a parallel plate channel or a circular tube.  
 
2.2 First Law analysis 
2.2.1Microduct 
 For this case the thermal energy equation in the absence of axial conduction reads 
2
2* *
T T
c u kP x y
∂ ∂ρ µφ
∂ ∂
= +          (6) 
Further, as 2( / *)du dyφ =  one concludes 
2
2( )2* **
T T du
c u kp
x dyy
∂ ∂ρ µ
∂ ∂
= +          (7) 
Before moving to the two different boundary conditions, one notes that the bulk temperature, Tm, reads  
/( )T uTdA UAm = ∫           (8) 
and the Nusselt number is defined as  
2
( )L
L qcNu
k T Tw m
′′
=
−
          (9) 
These two equations are general enough to be applicable to micropipe case. 
 
2.2.1.1 Isothermal boundaries 
 One knows that far away from the duct inlet, the temperature shows no change with the 
longitudinal coordinate, i.e. ∂T/∂x*=0, that leads to the following form for the thermal energy equation 
2
2( )2 **
T du
k dyy
∂ µ
∂
= −           (10) 
In particular from the velocity distribution, Eq. (4), one has 
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2 29 2( )2 1 6
d T U y
k Kndy
µ
= −
+
         (11) 
Solving Eq. (11) subject to the symmetry condition (dT/dy=0 at y=0) and T=Ts at y=1, one has 
T-TS=Tr(1-y4)           (12a) 
where Tr is the temperature scale 
])61(4/[3 22 KnkUTr += µ          (12b) 
On the other hand, the temperature jump boundary condition, Eq.(2), leads to  
16 /[Pr(1 )]
r
T T T Kns w γ γ= ++          (13) 
Adding Eqns. (12a-13), the local temperature distribution can be related to that of the wall as  
41 16 /[Pr(1 )]][T T y Knw rT γ γ= − + ++         (14) 
Applying Eq. (8), the bulk-wall temperature difference reads 
80[32 168 (7 42 )]/(35 210 )
1 Prm w r
KnT T T Kn Kn Knγ
γ
− = + + + +
+
     (15) 
The next step is to apply Eq. (9), along with the Fourier’s law dTq k
walldn
′′ = − , to find NuL as  
35 210
4 21 70 (1 6 ) /[Pr(1 )]L
Kn
Nu
Kn Kn Knγ γ
+
=
+ + + +
       (16a) 
NuL is defined in terms of the channel width while with Dh=4H, one has Nu=2NuL, i.e.  
70 420
4 21 70 (1 6 ) /[Pr(1 )]
Kn
Nu
Kn Kn Knγ γ
+
=
+ + + +
       (16b) 
For Kn=0, our results are in complete agreement with those of [21] while those of [8] fail this check. 
 
2.2.1.2 Isoflux boundaries 
 For this case, the fully developed definition requires ∂T/∂x*=dTm/dx* that leads to  
1 3 * 2(1 *) /( )2* 0 (1 6 )
( )dT Uym q dy UHcpdx q Kn H
µ ρ′′= + ∫
′′ +
       (17) 
Applying the Brinkman number and performing the integral in the right-side, one concludes 
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6(1 )2* (1 6 )
dT q Brm
dx UHc Knpρ
′′
= +
+
         (18) 
Combining Eq. (18) with the thermal energy equation, Eq. (7), the thermal energy equation reads 
2 21 6 /(1 6 ) 2( )2 **
Br Kn T du
uq k
UH dyy
∂ µ
∂
+ +
′′ = +        (19) 
In dimensionless form with θ=kT/(q"Lc), one has 
2 2 23 18 /(1 6 ) 1 4 18 2
2 22 1 6 (1 6 )
d Br Kn Kn y Br
y
Kndy Kn
θ + + + −
= −
+ +
      (20) 
Solution to Eq. (20) subject to the symmetry condition and θ=θS=kTS/(q"H) at y=1 is  
4 2
2 2
3 14 48 6[1 )(1 ) 6(1 )(1 4 )(1 )]
16(1 6 ) (1 6 ) (1 6 )s
Kn BrBr y Kn y
Kn Kn Kn
θ θ +− = + − − + + −
+ + +
   (21) 
Application of the temperature jump boundary condition leads to  
4 /[(1 ) Pr]Kns wθ θ γ γ− = − +          (22) 
To compare the wall temperature with that of fluid, one adds Eq. (22) to Eq. (21) which leads to  
Pr1
4)1()61(16
123))61(
61()61(16
1))61(
144423( 22
4
2
Kny
Kn
Kn
Kn
Br
Kn
y
Kn
KnBrw γ
γθθ
+
−−
+
+
+
+−
+
−
+
+
+=−   (23) 
The wall-bulk temperature difference can be found, based on our Eq. (8), as 
4(7 28 )(5 3 15 (21 15 35 ) (1 6 )1 2 3 1 2 3[ ) ]/[560 ]Kn a a a a a a Knm wθ θ− = + + + − + + +    (24) 
Moreover, Eq. (9) gives the Nusselt number as  
42240(1 6 ) 21 15 35 (7 28 )(5 3 15 )1 2 3 1 2 3/[ ]Nu Kn a a a Kn a a a= + + + − + + +     (25) 
wherein 
26((1 6 ) 6 )(1 4 )1
2(1 6 ) 18 (1 4 ))2
3 212 (1 6 ) 32 1 6 ) ((1 6 ) 6 )(5 24 )3 ( /[Pr(1 )]
a Kn Br Kn
a Kn Br Kn
a Br Kn Kn Kn Kn Br Knγ γ
= + + +
= − + + +
= + − + − + + ++
   (26a-c) 
One can check the limiting cases of Kn=0 or Br=0 versus the results available in the literature. For Kn=0 
one has Nu=70/(17+54Br) which is in agreement with the results of [14] for both Br=0 and Br≠0. 
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2.2.2 Micropipe 
 The analysis for the case of a micropipe follows closely that for a parallel plate channel, so we can 
omit some details. The thermal energy equation is  
2 216 *( * ) 4 2* * * * (1 8 )
T k T U r
c u rP x r r r R Kn
∂ ∂ ∂ µρ
∂ ∂ ∂
= +
+
       (27) 
 
2.2.2.1 Isothermal boundaries 
 The thermal energy equation in the fully developed region reads  
2 316 *( * ) 4 2* * (1 8 )
d dT U r
r
dr dr R k Kn
µ
= −
+
         (28) 
The solution to this equation subject to the appropriate boundary conditions is  
)1( 4rTTT rs −+=           (29) 
with Tr, the temperature scale, being  
2 2(1 8 )/( )T U Knr kµ= +           (30) 
Applying the temperature jump boundary condition, Eq.(2), one has 
)]1/[Pr(16 γγ +=− rws KnTTT          (31) 
which leads to   
41 16 )[ /[Pr(1 ]T T T r Knw r γ γ= − ++ +         (32) 
Similar to the microduct case, one proceeds with finding the bulk-wall temperature difference  
)486/()))]1/(Pr()81(31(325[ KnKnKnTTT rwm +++++=− γγ     (33) 
Finally, the Nusselt number, Nu, reads  
48 1 8
5 1 32 (1 3 (1 8 ) /[Pr(1 )]) / 5
Kn
Nu
Kn Knγ γ
+
=
+ + + +
       (34) 
One notes that for Kn=0, unlike the results of [7] which are apparently erroneous, the present results are in 
complete agreement with those of [20] and [23], i.e. Nu=48/5 regardless of Br. 
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2.2.2.2 Isoflux boundaries 
 For this case, the longitudinal temperature gradient reads  
2 8(1 )2* (1 8 )
dT q Brm
dx URc Knpρ
′′
= +
+
         (35) 
Combining Eq. (35) with Eq. (27), the thermal energy equation takes the following form 
2 2 24 * 8 16 *(1 4 )(1 ) ( * )2 2 4 2(1 8 ) * * *(1 8 ) (1 8 )
q r Br k T U r
Kn r
R Kn r r rR Kn R Kn
∂ ∂ µ
∂ ∂
′′
− + + = +
+ + +
   (36) 
which in dimensionless form reads 
21 4 8 32 3( ) 4 (1 )2 21 8 (1 8 ) (1 8 )
d d r Kn Br Br
r r r
dr dr Kn Kn Kn
θ − +
= + −
+ + +
      (37) 
Similar to the microduct case, solution to this equation is  
4 21 4(1 4 )(1 ) 2 40 (1 )216 1 8 (1 8 )
b r Kn r Br
rs Kn Kn
θ θ − − + −− = + −
+ +
      (38) 
Application of the temperature jump boundary condition leads to  
4 /[Pr(1 )]Kns wθ θ γ γ− = − +          (39) 
and consequently  
4 21 4(1 4 )(1 ) 2 440 (1 )216 1 8 1 Pr(1 8 )
b r Kn r Br Kn
rw Kn Kn
γθ θ
γ
− − + −
− = + − −
+ ++
    (40) 
The wall-bulk temperature difference reads  
[ 4 6 (3 4 ) (6 12 )]/(6 48 )1 4 2 4 3 4( )b b b b b b Knw mθ θ− = − + − + − +      (41) 
with 
2
0
1 0 4
2 0 4
3 0
4
32 /(1 8 )
/(4 32 )
/(1 8 )
( ) /(
4
(2 ) /8
(1 1 2 1 8 ) 16 /[Pr(1 )]) / 4
1 4
Br Kn
Kn
Kn
b
b b b
b b b
b b Kn Kn Kn
b Kn
γ γ
+
+
+
= +
=
= −
= − + + + + +
= +
     (42a-e) 
Finally, the Nusselt number can be found as  
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12(1 8 ) /( 4 6 (3 4 ) (6 12 ))1 4 2 4 3 4( )Nu Kn b b b b b b= + − + − + −       (43) 
As a check on the solution, one observes that for Kn=0 one has Nu=48/(11+48Br) similar to [14]. 
 
2.3 Second Law analysis 
2.3.1Microduct 
 According to Bejan [22], one can find the volumetric rate of entropy generation as 
.
2
T T
S kgen TT
µφ∇ ∇
= +ɺ           (44) 
In a more compact form, with (volumetric) Heat Transfer Irreversibility 2. /HTI k T T T= ∇ ∇  and Fluid 
Friction Irreversibility /FFI Tµφ= , Eq. (44) reads 
S HTI FFIgen = +ɺ           (45) 
Furthermore, the Bejan number, Be, which is a measure of HTI is defined as  
Be=HTI/(HTI+FFI)          (46) 
For the case of a microduct, one has 
2 2 2 2
2
2
( / ) ( / ) 9 ( )
1 6
gen cS L T x T y U yNs
k T kT Kn
µ∂ ∂ + ∂ ∂
= = +
+
ɺ
      (47) 
Note that while the dissipation term is independent of the thermal boundary condition, FFI being inversely 
proportional to the local absolute temperature is affected by the thermal boundary condition; hence, it 
should not be assumed as a pure hydrodynamic part of Ns. 
 
2.3.1.1 Isothermal walls 
For this case one has 
24
1
4
1
26 )/()](1216[ ycycyyNs −−+=         (48) 
with  
))1/(Pr(16)3/()61(41 1221 −++++= γµ KnUTKnkc w       (49) 
Furthermore, the Bejan number reads 
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)34/(4 144 cyyBe +=           (50) 
Denoting the cross-sectional averaged values of Ns and Be, by Ns* and Be*, by  
*
*
/
/
Ns
Be
NsdA A
BedA A
=
=
∫
∫
          (51a-b) 
one has  
))
32
)48((tan2)
)48(32
)48(32(ln(
8
)3(1*
]
1
12)61(Pr/[3*
1
4
1
11
4
1
11
4
1
11
4
1
1
2
2
c
c
cc
cccBe
Kn
U
TKnc
Ns wp
−
−
−+
++
−=
+
+
+
=
−
γ
γ
    (52a-b) 
For the special case of Kn=0, one examines that Ns*=3µU2/(kTw). 
 
2.3.1.2 Isoflux walls 
 For isoflux walls Ns and Be are obtainable as 
2 2256((1 6 ) 6 ) 3 2(12 6 )1 2 22 2 144 (1 6 )(1 6 )
4 2 2 4 2(16 (1 6 ) 3( (1 ) (1 ) )) 16 (1 6 ) 3( (1 ) (1 ) )1 2 3 1 2 3
/
Kn Br d y d y
Bry KnPe KnNs
Kn d y d y d Kn d y d y dw wθ θ
+ +
+ +
++
= +
+ + − + − + + + − + − +
 (53) 
1
2 2 4 2 2(1 6 ) (16 (1 6 ) 3( (1 ) (1 ) )) 1441 2 3(1 )2 2 2 2 3 2 (1 6 )256((1 6 ) 6 ) (1 6 ) (12 6 )1 2
Pe Kn Kn d y d y d BrywBe
KnKn Br Pe Kn d y d y
θ
−
+ + + − + − +
= +
++ + + + +
   (54) 
Evaluation of Be* and Ns* requires numerical integration techniques among which the trapezoidal rule 
has been applied here similar to Hooman and Ejlali [23].  
 
2.3.2 Micropipe 
2.3.2.1Isothermall walls 
 Similar to the microduct case, one can find Ns and Be as 
24
2
2
2 )/(16 rcrcNs −=           (55) 
4
2/Be r c=            (56) 
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with  
2(1 8 )16
12 21 Pr
kT KnKn wc
U
γ
γ µ
+
= + +
+
        (57) 
Similarly, the average values of Ns and Be are obtainable as 
2
2
(1 8 )16
* 8/( )
1 Pr
wkT KnKnNs
U
γ
γ µ
+
= +
+
        (58) 
2(1 8 )16
* 1/(3(1 ))21 Pr
kT KnKn wBe
U
γ
γ µ
+
= + +
+
        (59) 
Eq. (59) shows that FFI >HTI as it shows that Be*<0.5 for any value of Kn (and other parameters). For 
Kn=0, one examines that Ns*=8µU2/(kTw) and Be*=(3(1+ kTw /(µU2))-1.  
 
2.3.2.2 Isoflux walls 
 Following the same steps as those of the previous section, one finds Ns and Be as 
2
2 2 2 2 20 0
4 2
2 4 20
(1 8 ) (1 8 )( ) ( (2 8 ) 8 ))
2 4
1 4(1 4 )(1 ) 4(( )(1 8 ) 2 (1 ))
16 1 8 1 Prw
Kn b b Kn
r Kn r Brr
PeNs
b r Kn r Kn Kn Br r
Kn
γθ
γ
+ +
+ + − −
=
− − + −
+ − + + −
+ +
   
2
4 2
2 40
32
1 4(1 4 )(1 ) 4( )(1 8 ) 2 (1 )
16 1 8 1 Prw
Brr
b r Kn r Kn Kn Br r
Kn
γθ
γ
+
− − + −
+ − + + −
+ +
     (60) 
( )
4 2
2 2 40
1
2 2
2 2 2 2 20 0
1 4(1 4 )(1 ) 432 (( )(1 8 ) 2 (1 ))
16 1 8 1 Pr(1 )(1 8 ) (1 8 )( ) ( 2 8 8 ))
2 4
w
b r Kn r KnBrr Kn Br r
KnBe
Kn b b Kn
r Kn r Brr
Pe
γθ
γ
−
− − + −
+ − + + −
+ +
= +
+ +
+ + − −
  (61) 
 
3. Results and discussions 
 In the interest of brevity the plots are restricted to those of Nu and Ns*. Throughout this section, 
the fluid property is assumed to be those of air at atmospheric pressure and 300 K unless otherwise noted. 
Fig. 2 shows that, regardless of the boundary condition or the duct geometry, increasing/decreasing  Pr/Kn 
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increases Nu. As noted earlier, with isothermal walls Nu is independent of Br while based on Figs. 2-b,c, 
increasing Br decreases Nu for isoflux case. 
  Fig. 3 shows that, increasing either of Pr or U or decreasing Kn increases Ns*. It is clear that, for 
both cross-sections, entropy production is very sensitive to the fluid velocity that can vary within a broad 
range of values depending on the Reynolds number (that dictates the flow regime), the fluid viscosity, and 
the channel hydraulic diameter (which is a linear function of λ and is inversely proportional to Kn to lie 
within the slip flow regime 0.001<Kn<0.1). 
 For the case of isoflux walls, calculating Ns* requires numerical integration similar to [24-26]. 
Fig. 4 is a sample of the numerical results, for the microduct case, that shows a decrease in Ns* with an 
increase/decrease in Kn/Br. As micropipe results showed the same trend no more figures are presented.  
Seemingly, the effect of the thermal boundary condition is more pronounced than that of the duct 
cross-section. The reason is that the heat transfer aspects of the fully developed region in a duct of 
isothermal wall are substantially different from those of isoflux case as reflected by the presence of the 
Péclet number in Ns for the isoflux case and the absence of Br in the Nusselt number expression for the 
isothermal case. Moreover, the importance of the temperature jump and the slip-velocity, for a certain 
fluid with a fixed wall temperature, is a function of fluid velocity.  
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Figure 2-a The Nusselt number for the isothermal case 
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Figure 2-b The Nusselt number for the isoflux micropipe 
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Figure 2-c The Nusselt number for the isoflux microduct 
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Figure 3-a The average entropy generation rate for microduct  
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Figure 3-b The average entropy generation rate for micropipe (legends identified on Fig. 3-a) 
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Figure 4 Plots of Ns* for flow in a microduct for Pr=0.7, Pe=10, and θw=1 
 
